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STABLE A1-CONNECTEDNESS
NGUYEN LE DANG THI
Abstract. We prove in this note a stabilized version of a conjecture on A1-connectedness
of A. Asok and B. Dorant [AD09, Conj. 2.18]. For the stabilized version of this conjecture,
we introduce the notion of stable A1-connectedness, which is can be seen as the stabilization
of A1-connectedness. The notion of stable A1-connectedness is in connection to the existence
of zero cycles of degree one rather than rational points.
1. Introduction
Let k be a base field. We denote by H(k) the unstable A1-homotopy category constructed
in [MV01]. A k-space X is A1-connected, if piA
1
0 (X )
∼=
→ piA
1
0 (Spec k) = Spec k, where we
denote by piA
1
0 (X ) the Nisnevich sheaf
piA
1
0 (X ) = aNis[U 7→ HomH(k)(U,X )].
It is conjectured by A. Asok and B. Dorant that:
Conjecture 1.1. [AD09, Conj. 2.18] Let X be a smooth A1-connected scheme and U ⊂ X
an open subscheme such that codim(X \ U) ≥ 2. If k is an infinite field, then U is also
A1-connected.
Remark this conjecture is answered by A. Asok in [A12, Prop. 3.8]. In this note, we establish
the stabilized version of this conjecture. Denote by SH(k) resp. SHs(k) the P
1-stable resp.
the S1-stable homotopy category.
Definition 1.2. Let X ∈ Spc(k) be a k-space. X is stable A1-connected, if the canonical
map of sheaves
pist0 (Σ
∞
P1
X+)→ pi
st
0 (Σ
∞
P1
Spec k+)
is an isomorphism.
In [A12], A. Asok characterized the notion of unstable A1-connectedness (cf. [A12, Thm.
4.15]). A smooth proper k-scheme X is A1-connected if and only if the canonical map of
sheaves HA
1
0 (X)→ H
A1
0 (Spec k) = Z is an isomorphism. Remark that if X is A
1-connected,
then X(k) 6= ∅. One has Hurewicz functors on homotopy categories SHs(k) → D
eff
A1
(k)
resp. SH(k) → DA1(k), which induce morphisms of sheaves pi
st
i (Σ
∞
s X+) → H
A1
i (X ) resp.
pisti (Σ
∞
P1
X+)→ H
stA1
i (X ) for a k-space X . The stable Hurewicz theorem said that (cf. [AH11,
Thm. 2.3.8]) the Hurewicz morphism
pist0 (Σ
∞
P1
X+)→ H
stA1
0 (X )
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is an isomorphism convariantly functorial in X . In particular, if X = Spec k, one has
KMW0
∼= HstA
1
0 (1k). So the characterization for the notion of stable A
1-connectedness is: A
k-space X is stable A1-connected if and only if HstA
1
0 (X )
∼=
→ KMW0 = GW, where we denote
by GW the unramified Grothendieck-Witt sheaf. On the other hand, if k is an infinite
perfect field of characteristic unequal 2, then by [AH11, Lem. 4.4.4 & Thm. 4.4.5] the
structure map HstA
1
0 (X) → H
stA1
0 (Spec k) is a split epimorphism if and only X has a zero
cycle of degree one, where X is a smooth proper scheme over k. So if X is a smooth proper
stable A1-connected k-scheme, then the index of X over k is necessary equal to 1. Of course,
the existence of a rational point over k will imply the existence of a zero cycle of degree one
over k. Now we state the following result:
Theorem 1.3. Let k be an infinite perfect field of char(k) 6= 2. Let X be a smooth projective
stable A1-connected k-scheme. If U ⊂ X is an open subscheme such that codim(X \U) ≥ 2,
then U is also stable A1-connected.
2. A simple characterization of stable A1-connectedness
We fix an infinite field k. Very similar to SH(k), whose homological t-structure is described
by F. Morel in [Mor04], the t-structure of DA1(k) is given in [AH11, Thm. 3.3.3], which is the
category of homotopy modules. Recall (cf. [AH11, Defn. 3.3.1]) that a homotopy module
is a pair (F∗, ε∗), where F∗ is a Z-graded strictly A
1-invariant sheaf and for each n ∈ Z one
has an isomorphism of abelian sheaves
εn : Fn → (Fn+1)−1.
One denotes by AbstA
1
(k) the category of homotopy modules, whose morphisms are homoge-
neous natural transformations of Z-graded sheaves compatible with the isomorphisms above.
One has
Proposition 2.1. [AH11, Prop. 3.4.1] Let F∗ ∈ Ab
stA1(k). One has canonical bijection
contravariantly functoral in X :
H0Nis(X , F0)
∼=
→ Hom
AbstA
1 (k)(H
stA1
0 (X )∗, F∗).
This implies immediately the following
Proposition 2.2. Let X be a k-space. X is stable A1-connected if and only if for any
F∗ ∈ Ab
stA1(k), one has a bijection
H0Nis(X , F0)
∼= Hom
AbstA
1 (GW∗, F∗)
Example 2.3. If X/k is a smooth projective k-rational variety, then X is stable A1-
connected. Indeed, by [AH11, Prop. 3.4.2], the sheaf HstA
1
0 (X) is a birational invari-
ance in sense that if X and X ′ are birationally equivalent smooth proper k-varieties, then
HstA
1
0 (X)
∼= HstA
1
0 (X
′). Thus, it is enough to see that HstA
1
0 (P
n
k)
∼= HstA
1
0 (1k). This follows
immediately from the distinguished triangle
CstA
1
∗ (P
n)→ CstA
1
∗ (P
n+1)→ Z(n + 1)[2n+ 2]→ CstA
1
∗ (P
n)[1]
Remark 2.4. The same proof as in [A12, Thm. 3.9], one can even show that HstA
1
0 (−) is a
stably k-birational invariance of smooth proper k-varieties, i.e. if X is stably k-birationally
equivalent to X ′, then HstA
1
0 (X)
∼= HstA
1
0 (X
′). So as in [N12, Thm. 1.4], HstA
1
0 (X) yields a
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well-defined invariant on the Grothendieck ringK0(V ar/k)/L, where L denotes the Lefschetz
class [A1k].
3. Proof of 1.3
Throughout this section, we fix a base field k, which is an infinite perfect field of char(k) 6= 2.
Let X be a smooth projective stable A1-connected k-scheme. We write Z = X \ U for the
complement and c = codimX(Z) ≥ 2. Assume first of all Z is smooth, remark that we
can use the stable A1-connectivity theorem (cf. [Mor05]) of F. Morel to prove immediately
the theorem, however we give here in the first part another proof including duality and
calculation with A1-cohomology. Consider then the Gysin triangle in DA1(k) (see [Deg08])
CstA
1
∗ (U)→ C
stA1
∗ (X)→ C
stA1
∗ (Z)(c)[2c]→ C
stA1
∗ (U)[1].
This yields an exact sequence of abelian groups
· · · → HomD
A1
(k)(C
stA1
∗ (SpecL), C
stA1
∗ (Z)(c)[2c−1])→ HomDA1 (k)(C
stA1
∗ (SpecL), C
stA1
∗ (U))
→ HomD
A1
(k)(C
stA1
∗ (SpecL), C
stA1
∗ (X))→ HomDA1 (k)(C
stA1
∗ (SpecL), C
stA1
∗ (Z)(c)[2c])→ · · ·
where L ∈ Fk is a separable finitely generated field extension over k. By definition, we
have HomD
A1
(k)(C
stA1
∗ (SpecL), C
stA1
∗ (X)) = H
stA1
0 (X)(L) and analogously for U . Now we
prove that the other two terms in the exact sequence above are trivial. By Atiyah-Spanier-
Whitehead duality in DA1(k) (see [AH11, §3.5]), we can write
HomD
A1
(k)(C
stA1
∗ (SpecL), C
stA1
∗ (Z)(c)[2c− 1])
∼= H
2(c+nZ+dZ )−1
stA1
(Th(VZL),Z(c+ nZ + dZ)),
where the vector bundle VZ comes from [Voe03, Thm. 2.11] and nZ denotes its rank. Here we
write dZ = dim(Z) and H
∗
stA1
(−,Z(∗)) is the A1-stable cohomology. We compute first of all
the unstable A1-cohomologyH
2(c+nZ+dZ)−1
A1
(Th(VZL),Z(c+nZ+dZ)). By [AH11, Prop. 3.2.5],
it is nothing but the hypercohomology H∗Nis(−,ZA1(∗)). Consider the hypercohomology
spectral sequence
Ep,q2 = H
p
Nis(−, H
q(ZA1(∗)))⇒ H
p+q
Nis(−,ZA1(∗)).
As Hq(ZA1(∗)) = 0 for q > ∗ (a consequence of Morel’s stable A
1-connectivity theorem)
and KKW∗ = H
∗(ZA1(∗)) for ∗ > 0 (a consequence of stable Hurewicz theorem), we have a
canonical homomorphism
(3.1) H
2(c+nZ+dZ )
A1
(Th(VZL),Z(c+ nZ + dZ))→ H
c+dZ+nZ−1
Nis (Th(VZL),K
MW
c+nZ+dZ
).
Since c ≥ 2, which implies that 2(c+ nZ + dZ)− 1 > cdNis(Th(VZL)) + c+ nZ + dZ (remark
that cdNis(Th(VZL)) ≤ nZ + dZ , cf. [AH11, Lem. 3.1.7]), so by [AH11, Cor. 3.2.6] the
above homomorphism is an isomorphism. But the group in the right hand side of the
homomorphism 3.1 is trivial because of cohomological dimension reason. So we see that the
unstable A1-cohomology H
2(c+nZ+dZ)
A1
(Th(VZL),Z(c + nZ + dZ)) is trivial. Let j > 0 be a
natural number, we consider the groups
H
2(c+nZ+dZ )+j−1
A1
(Th(VZL) ∧G
∧j
m ,Z(c+ nZ + dZ + j)).
These groups can be rewritten as H
2(c+nZ+dZ)+j−1
A1
(Th(VZL),Z(c+ nZ + dZ + j))−(j). So the
same argument with the spectral sequence of hypercohomology as above yields
H
2(c+nZ+dZ)+j−1
A1
(Th(VZL),Z(c+ nZ + dZ + j))
∼= Hc+nZ+dZ−1Nis (Th(VZL),K
MW
c+nZ+dZ+j
),
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which are trivial again by cohomological dimension reason (c ≥ 2). So we may conclude
now that the stable A1-cohomology H
2(c+nZ+dZ)−1
stA1
(Th(VZL),Z(c+ nZ + dZ)) is trivial. Sim-
ilarly, the group HomD
A1
(k)(C
stA1
∗ (SpecL), C
stA1
∗ (Z)(c)[2c]) must also vanish. We see then
HstA
1
0 (U)(L)
∼= HstA
1
0 (X)(L)
∼= GW (L). In general, if Z is not smooth, since k is perfect,
there is a finite stratification of closed subschemes of Z
∅ ⊂ ZdX ⊂ ZdX−1 ⊂ · · · ⊂ Zc+1 ⊂ Zc = Z,
such that each Zi\Zi+1 is smooth in X \Zi+1. So we may prove recursively and come back to
the case when Z = ZdX , which follows from the previous case, since 0-dimensional schemes
are smooth. More precisely, let us consider the Gysin triangle
CstA
1
∗ (X − Zi)→ C
stA1
∗ (X − Zi+1)→ C
stA1
∗ (Zi − Zi+1)(ci)[2ci],
where all ci ≥ 2. As before, we apply the functor HomD
A1
(k)(C
stA1
∗ (SpecL),−) and consider
then the group HomD
A1
(k)(C
stA1
∗ (SpecL), C
stA1
∗ (Zi − Zi+1)(ci)[2ci − j]) for j = 0, 1. These
groups can be rewritten as
HomD
A1
(k)(C
stA1
∗ (SpecL)[j − ci], C
stA1
∗ (Zi − Zi+1 ∧G
∧ci
m )) =
= colimnHomDeff
A1
(k)(C˜
A1
∗ (SpecL+ ∧G
n
m)[j − ci], C˜
A1
∗ ((Zi − Zi+1)+ ∧G
∧n+ci
m )) =
= colimnH
A1
j−ci
((Zi − Zi+1) ∧G
∧ci+n
m )−(n)(SpecL).
The last group must vanishing according to the stable A1-connectivity theorem of F. Morel
[Mor05], as ci ≥ 2 and j = 0, 1.
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